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Abstract. Combinatorial exchanges are double sided marketplaces with
multiple sellers and multiple buyers trading with the help of combinatorial bids. The allocation and other associated problems in such exchanges
are known to be among the hardest to solve among all economic mechanisms. In this paper, we study combinatorial exchanges where (1) the
demand can be aggregated, for example, a procurement exchange or (2)
the supply can be aggregated, for example, an exchange selling excess
inventory. We show that the allocation problem in such exchanges can
be solved eﬃciently through decomposition when buyers and sellers are
single minded. The proposed approach decomposes the problem into two
stages: a forward or a reverse combinatorial auction (stage 1) and an
assignment problem (stage 2). The assignment problem in Stage 2 can
be solved optimally in polynomial time and thus these exchanges have
computational complexity equivalent to that of one sided combinatorial
auctions. Through extensive numerical experiments, we show that our
approach produces high quality solutions and is computationally eﬃcient.

1
1.1

Introduction
Combinatorial Exchanges

Combinatorial exchanges are two sided combinatorial mechanisms involving multiple buyers and multiple sellers. Combinatorial exchanges (CEs) have major
economic advantages due to the power of combinatorial bidding and highly expressive bidding languages. However, they are, at the same time notoriously
complex from a computational angle. There are two main computational problems associated with CEs:
– Allocation problem (also called winner determination problem or trade determination problem): Choosing an optimal subset of bids so as to optimize
a chosen performance metric (such as revenue maximization, cost minimization, surplus maximization, etc.).
M. Núñez et al. (Eds.): FORTE 2004 Workshops, LNCS 3236, pp. 58–71, 2004.
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– Pricing problem: Determining the actual payments to be made by the buyers
and actual payments to be made to the sellers, so as to induce truthful
bidding by the buyers and sellers.
The above problems have been shown to be NP-hard [1, 2]. Researchers have
therefore been seeking computationally eﬃcient ways of solving these problems
exactly or approximately.
Numerous industrial applications have been reported in the literature for
combinatorial exchanges. These include: collaborative planning [3], logistics and
transportation exchanges [4, 5, 6], bandwidth exchanges [7], steel exchanges
(for example, www.esteel.com), supply chain formation [8], e-procurement exchanges [9, 10], stock exchanges, and exchanges for sale of excess inventory.
1.2

Combinatorial Exchanges with Aggregation

Our motivation in this paper is to study combinatorial exchanges where:
– the demand can be aggregated, for example, a procurement exchange where
the buyers’ demands can be aggregated,
– the supply can be aggregated, for example, an exchange selling excess inventory where the sellers’ bids can be aggregated.
1.3

Contributions and Outline

We show that when agents are single minded the aggregated combinatorial exchanges can be decomposed into two separate stages.
– Stage 1: A combinatorial auction
– Stage 2: An assignment problem
Since the problem in Stage 2 can be solved exactly in polynomial time, therefore
these exchanges have computational complexity equivalent to one sided combinatorial auctions. We show that the iterative Dutch auction schemes proposed
in [11] can be extended to solve the problem in stage 1 in a computationally
eﬃcient way to obtain near optimal allocations.
The rest of the paper is organized as follows. Section 2 presents a review of
relevant work to put our contributions in perspective. In Section 3, we present
a mathematical formulation of the allocation problem for both demand aggregation and supply aggregation combinatorial exchanges and show that these
exchanges can be decomposed into a two stage problem. In Section 4, we present
generalized combinatorial Dutch auction mechanisms for solving the combinatorial auction problem in stage 1. In Section 5, we present numerical experiments.
We summarize the contributions of the paper in Section 6.
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Review of Relevant Work

Combinatorial exchanges (CE) are generalizations of combinatorial auctions.
Also, CEs are multi-item exchanges, so they are more general than single item,
multi-unit exchanges. Several survey papers have appeared on combinatorial
auctions. These include the papers by de Vries and Vohra [2], and Narahari
and Pankaj [12]. Similarly, there are several papers on single item, multi-unit
exchanges, which are summarized in [1].
The paper by Smith, Sandholm, and Simmons [13] presents a design for
a market maker to construct and clear a combinatorial exchange for trading
single units of multiple items. Pankaj and Narahari [14] have applied a decomposition idea to solve electronic exchanges trading multiple units of a single
homogeneous item. The paper by Kothari, Sandholm, and Suri [15] considers
a multi-unit, multi-item combinatorial exchange where acceptance of partial
bids is allowed. Parkes, Kalagnanam, and Eso [16, 17] design a combinatorial
exchange that is approximately eﬃcient and approximately truthful.
Iterative or indirect mechanisms are those where multiple rounds of bidding
and allocation are conducted and the problem is solved in an iterative and incremental way [1]. Such an approach has several advantages: incremental information revelation, reduction in the complexity of the allocation problem, and practical appeal in industrial applications. There are several iterative mechanisms
proposed for combinatorial auctions [1, 16]. The use of iterative mechanisms for
clearing combinatorial exchanges has been proposed by Biswas [18]. The mechanisms proposed include auction mechanisms, Dutch auction mechanisms, and
tâtonnement mechanisms.
Biswas and Narahari [11] have proposed the use of combinatorial Dutch
auctions as an iterative mechanism for combinatorial auctions. They use the
weighted set packing structure of forward combinatorial auctions to suggest an
iterative forward Dutch auction algorithm for forward combinatorial auction
problems, using generalized Vickrey auctions (GVA) with reserve prices in each
iteration. They prove the convergence of the proposed algorithm and derive worst
case bounds for the algorithm. Similarly, they use the set covering structure of
reverse combinatorial auctions to suggest an iterative reverse Dutch auction algorithm for reverse combinatorial auction problems. They also show that the
proposed algorithms produces near optimal quality solutions and are computationally eﬃcient. In this current paper, we will be using these combinatorial
Dutch auction algorithms in the ﬁrst stage of solving aggregated combinatorial
exchanges.

3

Formulation of the Exchange Problems

We consider two special cases of combinatorial exchanges: Demand aggregation
combinatorial exchanges and supply aggregation combinatorial exchanges. We
assume that the goods can be freely disposed, that is, the supply is greater than
or equal to the demand.
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Table 1. Notation used for the demand and supply aggregation exchange models
M = {1, 2, ..., m}
i∈M
N = {1, 2, ..., n}
j∈N
K = {1, 2, ..., l}
k∈K
G = {S1 , S2 , ...}
S⊆G
a(S, k)
v(S, i)
v(S, j)
y(S, i)
y(S, j)

3.1

Set of seller agents
Seller agent
Set of buyer agents
Buyer agent
Set of items
Any item
Collection of all multi-sets over K.
Any subset of G
Quantity of item k in the subset S
Value of the subset S to seller agent i
Value of the subset S to buyer agent j
Boolean variable indicating whether or not seller i gets the set S
Boolean variable indicating whether or not buyer j gets the set S

Demand Aggregation Combinatorial Exchanges

Buyers submit their requirements, that is, the set of items and the quantities
they want to procure. We assume that
– the buyers are single minded i.e. they are interested only in a single subset.
– the buyers submit atomic (all-or-nothing) bids i.e. they are interested only
in a single set The buyers also submit their maximum willingness to pay for
the set.
The exchange pools the demand and accepts bids from the interested sellers for
the aggregated demand. The allocation problem can be formulated as follows.
We give the notation used in Table 1.
The integer programming formulation of the exchange problem is:
⎫
⎧
⎬
⎨ 
 
v(S, j)y(S, j) −
v(S, i)y(S, i)
V = max
⎭
⎩
j∈N S⊆G

s.t.



i∈M S⊆G

y(S, i) ≤ 1 ∀i ∈ M

S⊆G



Sk j∈M

a(S, k)y(S, j) ≤



a(S, k)y(S, i) ∀k ∀S ⊆ G

Sk i∈M

y(S, i) = 0, 1 ∀S ⊆ G, ∀i ∈ M
y(S, j) = 0, 1 ∀S ⊆ G, ∀j ∈ N
Since the demand is aggregated we can decompose the above problem into two
stages. In Stage 1, knowing the aggregated demands, we solve a combinatorial
procurement problem to procure the demanded items at minimum cost by choosing from the bids submitted by the sellers. In Stage 2, the procured items are
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sold to the buyers so as to generate maximum revenue by choosing from the bids
submitted by the buyers. This is described more formally below.
Stage 1: We have assumed that the buyers are single minded. Therefore, we
can aggregate the buyers’ demand. Let qk be the aggregate demand of item k,
where

a(S, k)y(S, j)
qk =
Sk j∈N

The allocation problem for Stage 1 becomes:
 
v(S, i)y(S, i)
V1 = min
i∈M S⊆G

s.t.



y(S, i) ≤ 1 ∀i ∈ M

S⊆G



a(S, k)y(S, i) ≥ qk ∀k ∀S ⊆ G

Sk i∈M

y(S, i) = 0, 1 ∀S ⊆ G, ∀i ∈ M
This is precisely the formulation for reverse combinatorial auction for procurement as in [11] and in [7].
Stage 2: The problem in the second stage is to allocate to the buyers the items
procured in the ﬁrst stage to maximize the revenue of the exchange. The integer
programming formulation of this stage is:
V2 = max

 

v(S, j)y(S, j)

j∈N S⊆G

s.t.



a(S, k)y(S, i) ≤ qk ∀k ∀S ⊆ G

Sk j∈N

y(S, j) = 0, 1 ∀S ⊆ G, ∀j ∈ N
We can immediately note that the above is an assignment problem and therefore
can be solved exactly in polynomial time.
We have thus decomposed the allocation problem of a demand aggregation
combinatorial exchange into a reverse combinatorial procurement auction followed by an assignment problem.
3.2

Supply Aggregation Combinatorial Exchanges

Here the sellers declare to the exchange their individual total supplies and corresponding reserve prices. We assume that
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– the sellers are single minded.
– the sellers submit atomic asks. But this can be generalized to other bidding
languages such as XOR or OR*.
Then the exchange asks the interested buyers to submit their bids for the aggregated supply.
The notation for the supply aggregation exchange problem is given Table 1.
The exchange can now be formulated as given below.
⎫
⎧
⎬
⎨ 
 
v(S, j)y(S, j) −
v(S, i)y(S, i)
V = max
⎭
⎩
j∈N S⊆G

s.t.



i∈M S⊆G

y(S, j) ≤ 1 ∀j ∈ N

S⊆G





a(S, k)y(S, j) ≤

Sk j∈N

a(S, k)y(S, i) ∀k ∀S ⊆ G

Sk i∈M

y(S, i) = 0, 1 ∀S ⊆ G, ∀i ∈ M
y(S, j) = 0, 1 ∀S ⊆ G, ∀j ∈ N
Since the aggregated supply is known, we can decompose the above problem into
two stages. In Stage 1, knowing the aggregated supply, we solve a combinatorial
selling problem to sell the items to maximize revenue by choosing from the bids
submitted by the buyers. In Stage 2, we procure the sold items from the sellers
so as to minimize procurement cost by choosing from the bids submitted by the
sellers. This is described more formally below.
Stage 1: We have assumed that the sellers are single minded. Therefore, we
can aggregate the total supply from all the suppliers. Let qk be the aggregated
supply of item k, where

a(S, k)y(S, i)
qk =
Sk i∈M

The allocation problem for Stage 1 becomes:
V1 = max

 

v(S, j)y(S, j)

j∈N S⊆G

s.t.



y(S, j) ≤ 1 ∀j ∈ N

S⊆G



a(S, k)y(S, j) ≤ qk ∀k ∀S ⊆ G

Sk j∈N

y(S, j) = 0, 1 ∀S ⊆ G, ∀j ∈ N
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This is precisely the formulation for forward combinatorial auction discussed
in [11] and in [19, 2].
Stage 2: The problem in the second stage is to allocate to the sellers the items
sold to the buyers in the ﬁrst stage. The integer programming formulation of the
stage stage is:
 
V2 = min
c(S, j)y(S, j)
j∈N S⊆G

s.t.



a(S, k)y(S, j) ≥ qk ∀k ∀S ⊆ G

Sk j∈N

y(S, j) = 0, 1 ∀S ⊆ G, ∀j ∈ N

Note that the above is an assignment problem which can be solved exactly in
polynomial time.
We have thus decomposed the aggregation combinatorial exchanges into
a combinatorial auction followed by an assignment problem. Diﬀerent mechanisms have been proposed for combinatorial auction problems. We generalize
the iterative Dutch auctions suggested in [11] for the aggregation exchange problems.

4

Combinatorial Dutch Auctions
for Aggregation Exchanges

We can extend the iterative Dutch auctions suggested in [11] for the aggregation
exchanges as follows.
4.1

Reverse Combinatorial Dutch Auction
for Demand Aggregation Exchanges

The exchange aggregates demands of all the buyers and also computes the maximum price it is willing to pay for the entire bundle. Table 2 shows the notation
used in the formulation. The proposed iterative mechanism consists of multiple
bidding rounds denoted by t = 0, 1, 2, ... ( t = 0 is the initial round). The aggregated bundle of all the buyers is therefore B0 . The exchange sets the value
for W (Bt ), maximum willingness to pay for the remaining bundle Bt to be procured in round t. The pricing of items is not linear, therefore the cost of the
allocated bundles cannot be divided into price of individual items. Therefore
we calculate pt , the average willingness of the exchange to pay for each item in
round t.
W (Bt )
pt =
, where Bt = φ
|Bt |
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Table 2. Notation for reverse Dutch combinatorial auction for demand aggregation
exchanges
t = 0, 1, 2, . . .
Bt
B0
W (Bt )
St
pt
V ∗ (St )
vt
|S|


Iteration (or bidding round) number
Bundle to be procured in iteration t
Total aggregated bundle of all the buyers’ demand
Maximum willingness of the exchange to pay bundle Bt in iteration t
Bundle procured in round t
Average willingness of the exchange to pay for each item in round t
Payment made by exchange for the subset St in iteration t. The
payment is computed by solving GVA with reserve prices.
Average payment made for any item in iteration t
Cardinality of the set S
Price increment per item in every iteration

These average prices pt are not used in the auction mechanism but are used to
prove the bounds given in Section 4.3. The payment made by the exchange for
the subset St in iteration t is V ∗ (St ). The average price paid by the exchange
for each item procured is
V ∗ (St )
vt =
|St |
We ignore the iterations in which no items are procured.
The exchange sets the reserve price of the seller for any bundle S in iteration t
as |S|vt−1 . We use GVA with reserve prices [20] in each iteration to solve the
allocation and payment problem eﬃciently. The bundle procured in round t
is denoted by St . Therefore the integer programming formulation of the GVA
problem with reserve prices in iteration t becomes
V ∗ (St ) = max

 

v(S, i)y(S, i)

i∈M S⊆G

s.t.



y(S, i) ≤ 1 ∀i ∈ M

S⊆G



a(S, k)y(S, i) ≥ qk ∀k ∀S ⊆ G

Sk i∈M

 

v(S, i)y(S, j) ≤ W (Bt ) ∀S ⊆ M

i∈M S⊆G

v(S, i)y(S, i) ≥ |S|vt−1 ∀S ⊆ M, ∀j ∈ N
y(S, i) = 0, 1 ∀S ⊆ G, ∀i ∈ M

(1)

66

Shantanu Biswas et al.

Table 3. Notation for the forward combinatorial Dutch auction for supply aggregation
exchanges
t = 0, 1, 2, . . .
Bt
B0
W (Bt )
St
pt
V ∗ (St )
vt


4.2

Iteration (or bidding round) number
Bundle to be sold in iteration t
Total aggregated bundle available from of all the suppliers
Minimum ask price of the exchange for pay bundle Bt in iteration t
Bundle sold in round t
Average ask price of the exchange for each item in round t
Revenue earned by the exchange for the subset St in iteration t. The
revenue is calculated by solving GVA with reserve prices.
Average revenue for any item in iteration t
Price decrement per item in every iteration

Forward Combinatorial Dutch Auction
for Supply Aggregation Exchanges

Here the exchange aggregates the supply from all the sellers and computes the
total aggregated bundle and the minimum price at which it is willing to sell
the aggregated bundle. Table 3 shows the notation for the formulation. In the
combinatorial version of iterative forward Dutch auction ([11]), the seller starts
with a high initial price and keeps on decreasing the price until the total bundle
is sold. In the generalized Dutch mechanism for supply aggregation exchanges,
the seller provides W (Bt ), total ask for the remaining bundle Bt to be sold in
round t. We compute pt , the average ask price of the exchange for each item in
round t. The average ask prices pt are not used in the auction mechanism but
are used to prove the bounds given in Section 4.3. The payment earned by the
exchange for the subset St in iteration t is V ∗ (St ). The average selling price for
each item sold is
V ∗ (St )
vt =
|St |
We ignore the iterations in which no items are sold i.e. St = φ ∀t.
The reserve price for the remaining bundle St in iteration t is W (Bt ). Also
the maximum payment to the buyers for any bundle S in iteration t is |S|vt−1 .
Therefore the integer formulation of the GVA problem with reserve prices in
iteration t becomes
V ∗ (St ) = min

 

v(S, j)y(S, j)

j∈N S⊆G

s.t.



y(S, j) ≤ 1 ∀j ∈ N

S⊆G



Sk j∈N

a(S, k)y(S, j) ≤ qk ∀k ∀S ⊆ G

(2)
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v(S, j)y(S, j) ≤ |S|vt−1 ∀S ⊆ G, ∀j ∈ N
 
v(S, j)y(S, j) ≥ W (Bt ) ∀S ⊆ G
j∈N S⊆M

y(S, j) = 0, 1 ∀S ⊆ G, ∀j ∈ N
4.3

Bounds for the Algorithms

The second stage problem in both demand aggregation and supply aggregation
exchanges can be solved optimally in polynomial time. Therefore the bounds
for these problems depend only on the bounds of the ﬁrst stage problems. Thus
bounds for these mechanisms are same as the bounds given for iterative Dutch
combinatorial auctions in [11].
Upper Bound for Reverse Dutch Auction and Demand Aggregation
Problem: The upper bound for the iterative reverse Dutch auction is (1 + 12 +
... + 1r )V (N ), where
V (N ) = min

 

vj (S)y(S, j), and

j∈N S⊆G

r = max |S|
S∈K

Lower Bound for Forward Dutch Auction and Supply Aggregation
Problem: The lower bound for the forward Dutch auction is 1l V (N ), where
 

V (N ) = max

vi (S)y(S, i)

i∈M S⊆G

5

Numerical Experiments

We have derived the worst case (lower or upper) bounds for these iterative Dutch
mechanisms. We have run our algorithms on some of the test cases suggested by
various authors [21, 22, 2, 23]. We have used CPLEXT M 8.0 to solve the various
instances of GVA with reserve prices.
5.1

Experiments for a Demand Aggregation Exchange

We ﬁrst conduct numerical experiments with demand aggregation exchanges by
varying  and the number of agents i.e. buyers and sellers. Since we solve the
second stage problem exactly, the solutions vary according to the results of the
ﬁrst stage. The trends in the graphs are therefore very similar to those obtained
in the reverse Dutch auctions discussed in [11].
The graph in Figure 1 shows that the solutions tend towards actual optimal
solutions as  tends towards unity. We also ﬁnd the results of the approximate
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Comparison of Solution of Two Stage Solution with the CPLEX Optimum
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Fig. 1. Comparison of the demand aggregation results with the CPLEX optimum

Comparison of CPLEX Time with different EPS of Demand Aggregation
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Fig. 2. Computation time comparison with CPLEX

solutions are very good even when  is very small. However, we see from the
graph in Figure 2 that the time taken to solve the problems grows exponentially
when  is very close to 1. This happens because when  is close to 1 the problem
we solve in the ﬁrst iteration is almost the as hard as original problem.
5.2

Experiments for a Supply Aggregation Exchange

Numerical experiments with supply aggregation exchanges by varying  and the
number of agents i.e. buyers and sellers are discussed in this section. In these
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Comparison of Solution of Two Stage Problem with the CPLEX Optimum
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Fig. 3. Comparison of the supply aggregation results with the CPLEX optimum

Comparison of CPLEX Time with different EPS of Supply Aggregation
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Fig. 4. Computation time comparison with CPLEX

experiments, we again solve the second stage problem exactly and therefore the
solutions depend on the results of the ﬁrst stage. The trends in the graphs are
therefore very similar to those in the forward Dutch auctions discussed in [11].
The solutions tend towards the actual optimal solution as  gets close to 1
(see Figure 3). But again the time taken grows exponentially when  tends to 1
(see Figure 4).
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Summary

In this paper, we have studied a useful class of combinatorial exchanges where we
can have demand aggregation (for example, procurement exchanges) or supply
aggregation (for example, exchanges selling excess inventory). We have shown
that the allocation problem in these exchanges can be decomposed into two
stages: (a) Stage 1: Combinatorial auction (forward or reverse). (b) Stage 2:
Assignment problem. Since the assignment problem in stage 2 can be solved
exactly in polynomial time, we studied only the problem in the ﬁrst stage. We
have shown that the the iterative Dutch auction schemes proposed in [11] can be
used for for solving the allocation problem in stage 1. This results in a computationally eﬃcient way of solving aggregation exchanges to obtain near optimal
allocations. We have conducted numerical experiments to show that the proposed approach and algorithms perform very well and give results which are
very close to the optimal solutions.
The proposed approach can be used in all applications where aggregation
combinatorial exchanges are relevant. The computational eﬃciency and the high
quality of solutions will ensure that the mechanisms can be deployed in all practical applications. Procurement exchanges, excess inventory exchanges, and stock
exchanges are a few examples.
In this paper, we have not considered game theoretic issues such as Vickrey
payments, truthful bidding, etc. These are important issues that need to be
addressed in future research.
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