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ABSTRACT 

In this  paper,  we develop a theorem tha t  enables  computa t ion  of the place invar iants  

of the  union of a f ini te  col lect ion of coloured Pe t r i  Nets  when the individual ne ts  sa t i s fy  

ce r t a in  condit ions and their  invar iants  are known. We consider  the  i l lus t ra t ive  examples  

of the  Readers -Wr i te r s  problem, a resource  sharing sys t em,  and a network of da tabases  

and show how this t heo rem is a valuable tool in the  analysis  of concur ren t  sys t ems .  

1. INTRODUCTION 

Pet r i  Nets,  also known as P lace-Trans i t ion  Nets  (PTNs) have been extens ively  used 

in the  modell ing and analysis  of concur ren t  s y s t e m s  [9]. This modell ing tool has become 

very popular on account  of i ts graphical  e legance  and m a t h e m a t i c a l  rigour. Of late,  many 

ex tens ions  to the  basic Pet r i  Net model have been proposed in order to enable a higher 

level of descr ipt ion of sys t ems .  P red ica te -Trans i t ion  Nets  (Pr-T Nets) [2,3] and Coloured 

Petr i  Nets  (CPNs) [5] are two impor tan t  deve lopments  in this direct ion.  

Much of the  Petr i  Net  based analysis  is accompl ished  using the  p lace- invar ian ts  

or p- invar ian ts  ( referred to hencefor th  as ' invar ian ts ' )  [t47] of the  Petr i  Net model.  This 

is t rue  of Pr-T nets  and CPNs also [2,3,7,6]. Invar iants  of ne ts  are very useful  in inves t i -  

gat ing impor tan t  proper t ies  such as absence  of overf lows,  p resence  of deadlocks,  and exi-  

s t ence  of mutua l  exclusion be tween  even t s  [2~3,5~6,8]. 3ensen,  in iF], has proposed a very 

e legan t  formatism~ based on l inear,  in teger  valued funct ions ,  for handling the  invar iants  

of CPNs.  He has also developed, in [6], a se t  of t r ans fo rma t ion  rules on the incidence 

mat r ix  of a CPN to find its invar iants .  Our work in this  paper also looks at  the invar iants  

of a CPN. We develop a t heo rem tha t  enables  computa t ion  of all invar iants  of the  union 

of a f in i te  number  of CPNs with no common  t rans i t ions  when all invar iants  of the  individual 

CPNs are known and conversely .  This theorem au toma t i ca l ly  holds for PTNs also. 

Af te r  developing the theorem~ we discuss three examples of concurrent systems 

to show the value of the theorem in the analysis of concurrent systems. The f i rst  example 

is the version of the classical Readers-Writers problem presented in [5]. In this example, 

we wr i te  PTN models of the 'reader' process and the 'wr i te r '  process and show that the 
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union of these two PTNs will give the PTN of the overall system. We invoke our theorem 

to compute  all invariants of the PTN of the overall sys tem.  In the second example,  we 

look at a resource sharing system comprising a set  of processes and a set  oi resources 

where each process involves two stages of processing. A CPN model of the above system 

is obtained as the union of two CPNs represent ing the two stages of processing of each 

process.  The theorem is again invoked for determining the invariants of the averall  CPN 

model. The third and the final example considers the network of databases  system discussed 

in [2,5]. For this example also, we show how our theorem is naturally applicable. The above 

three  examples demonst ra te  the great  value of the theorem in the analysis of concurrent  

systems. 

The res t  of the paper is organized as follows. In Section 2, we present  formal defini-  

tions oi all the basic terminology that  will be required in subsequent sect ions of the paper.  

These delini t ions cover both PTNs and CPNs and are more or less the same as in [47577] 
excep t  for some changes in notation.  In Section 3, we f irs t  s t a t e  and prove the main result  

of this paper.  We then s t a te  two of the immedia te  consequences of this result .  The mot i -  

vation for deriving the above result  has come from Ill .  Finally, in Section 4, we discuss7 

in detail ,  the use of the result for the three  i l lustrat ive concurrent  systems listed in the 

previous paragraph. 

2. DEFINITIONS 

In this sect ion,  we introduce notat ion and present  cer ta in  re levant  definitions.  These 

definitions follow closely those given in [4,577]. However,  we find it necessary to present  

these definit ions since we hav.e found it convenient  to a l ter  the notat ion at  cer ta in  places.  

In sequel, we use the symbols N and Z to denote,  respectively~ the set  of all non-negat ive 

integers  and the set  of ail integers.  

Definition 2.1 : Place-Transi t ion Net (PTN). A place- t ransi t ion Net is a 4-tuple (PTT,IN,OUT) 

where 

P is a se t  of places, 

T is a set  of transitions~ 

P U T ~ O , P  f i T =  0 , 

IN : (P X T ) + N  is an {nput function, and 

OUT : (P X T)---~ N is an output function,  

Note 2.1 : In [4], the defini,tion of a PTN includes two other  objects  namely K, the maximum 

capaci ty of the places and M07 the initial marking of the PTN. We assume K is infinity 

and so omit  it in the definition. Also~ since the paper looks only a t  the invariants of nets,  

we do not require any information about the initial marking of the net .  Hence we omit 

M 0 also. 
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N o t e  2.2 : H e n c e f o r t h ,  we r e s t r i c t  our  a t t e n t i o n  to  P T N s  wi th  f i n i t e  n u m b e r  of  p l a c e s  

and  f i n i t e  n u m b e r  of  t r a n s i t i o n s .  U n l e s s  o t h e r w i s e  s p e c i f i e d ,  P and  T will  be  t h e  fo l lowing  

s e t s :  

e = { P l  ' P2 . . . . .  Pn}  ' n > 0 

T = , [ t  I , t 2 , . . . .  t m }  , m > 0 

D e f i n i t i o n  2.2 : I nc i dence  Mat r ix .  The  i n c i d e n c e  m a t r i x  W = (wij) of  a PTN (P ,T, IN,OUT) 

is an  (n x m) m a t r i x  of  i n t e g e r s  g iven  by 

w..U = OUT (Pi ' t j ) -  IN (Pi ' t j)  V i = 1,2 . . . .  , n and  j = 1,2, . . . ,  m 

D e f i n i t i o n  2.3 : P l a c e  I n v a r i a n t .  G i ven  a PTN (P ,T , IN,OUT) ,  a (1 x n) v e c t o r  of  i n t e g e r s ,  

X = ( e l , e  2 . . . .  , en) , is sa id  to  be  a p l ace  i n v a r i a n t  if and  only  if 

n 
= 0 g j = 1,2, ..., m e i wij 

D e f i n i t i o n  2.4 : Union  of  P l a c e - T r a n s i t i o n  N e t s .  L e t  G 1 = (PI , T I  , I N t  , O U T I )  and  

G2 = (P2 ' T2 ' IN2 ' OUT2)  be two  P T Ns  such  t h a t  

tN 1 (p,t) ~ 0 :=~IN 2 (p,t) = 0, and } V P e P l f l  P2 and  t E T 1CI T 2 

O U T  1 (p,t)  + 0 ~ OUT  2 (p, t)  = 0 

We t h e n  de f i ne  t h e  union G of G 1 and  G 2 as  t h e  PTN (P , T , IN , OUT) w h e r e  

P = P l  U P2 

T = T 1 U T 2 

IN = IN 1 U IN 2 

O U T  = OUT l U OUT  2 

The  un ion  of  m o r e  t h a n  t w o  P T N s  is d e f i n e d  l ikewise .  

No te  2.3 • In t he  above  de f i n i t i on ,  t h e  s e t  n o t a t i o n  has  b e e n  used  for  t h e  f u n c t i o n s  IN, 

OUT,  IN1, OUT U IN2, and  OUT  2. 

D e f i n i t i o n  2.5 : Co lou red  P e t r i  N e t  (CPN).  A CPN is a 5 - t u p l e  (P, T, C,  IN, OUT) w h e r e  

P is a s e t  of  p l ace s ,  

T is a s e t  of  t r a n s i t i o n s ,  

C is a co lou r  f u n c t i o n  s u c h  t h a t  C : P U T - - ~  N o n - e m p t y  s e t s  of  co lour s ,  
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IN and OUT a r e  f u n c t i o n s  wi th  d o m a i n  (P x T) such  t h a t  for  all  (p,t) E P x T , 

IN(p,t) , OUT(p , t )  : C ( p ) - ~  [ C ( t ) - - ~ N ] f  

w h e r e  [ C ( t ) - - ~  N i l  d e n o t e s  t he  s e t  of  al l  t o t a l  f u n c t i o n s  g f r o m  C(t)  to  N wi th  t h e  s u p p o r t  

{ a  e C ( t ) :  g(a) ~ 0 ~  f i n i t e .  

Note  2.# : As in case of  PTNs~ we consider in this paper, on ly  unmarked CPNs, i .e. ,  CPNs 

w i t h o u t  any  in i t ia l  m a r k i n g .  

N o t e  2.5 : A PTN is a spec i a l  c a s e  of  a C P N w h e r e  all  t h e  s e t s  of  co lou r s  h a v e  only one  

e lement  [~]. 

Note  2.6 : The above de f in i t i on  of  a CPN al lows i n f i n i t e  number of places, i n f i n i t e  number 

of  t rans i t ions and in f i n i te  colour sets. In this paper, we res t r i c t  our a t t en t i on  to  CPNs 

w i th  f i n i te  number of  places, f i n i te  number of  t ransi t ions,  and f i n i t e  co lour  sets. Unless 

o therwise speci f ied,  we assume the fo l low ing :  

P - -  { P l '  P2 . . . . .  Pn} ' n > 0 

T = { t l ,  t 2 . . . . .  t m }  , m > 0 

u i = I C(Pi ) [ ,  t h e  c a r d i n a l i t y  of  t h e  co lour  s e t  of  Pi'  i = 1,2, . . . ,  n 

= ]C(tj)l, t h e  c a r d i n a l i t y  of  t h e  co lour  s e t  of  tj, j = 1,2, . . . ,  m Vj 

C(p i) = { a l l  , a m  , . . . .  a:. ~ ,  i = 1,2, . . . ,  n , and  
IL IU i J 

C(t j )  = { b j l  , bj2 . . . . .  b jv j ] , ,  j = 1,2 . . . . .  m .  

Def in i t i on  2.6 : Incidence M a t r i x  of a CPN. Given a CPN (P, T, C, IN, OUT), i ts inc idence 

x m) ma t r i x  W = (wi j )  of submatr ices.  Submatr ix  wi j  is of d imension u i x vj ma t r i x  is an (n 

and is def ined by 

(wij)k~ " = O U T ( P i , t  j) (aik) (bj~.) - IN(p i , t  j) (aik) (bj~.) 

w h e r e ,  i = 1,2, . . . ,  n ; j = 1,2, . . . ,  m ; k = 1,2, . . . ,  u. and  I= 1,2, . . . ,  v. 
i j 

D e f i n i t i o n  2.7 : P l a c e  I n v a r i a n t  of  a C P N .  L e t  W be t h e  i n c i d e n c e  m a t r i x  of  a C P N  (P ,T ,C ,  

IN,OUT) and  l e t  Q be  a n o n - e m p t y  f i n i t e  s e t  w i th  c a r d i n a l i t y  q. A b lock  m a t r i x  

X = (e I , e  2 , . . .  , e n) 

where e i , fo r  i = 1,2, ..., n~is a m a t r i x  of  in tegers of  d imension q x u i is said to  be a 

Place invar ian t  ( re fer red  to  hencefor th  as an invar ian t )  i f f  
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•;n: e * = 0 V j : 1,2, . . . ,  m,  
i=1 i wij 

w h e r e  t h e  '+~ o5 ~ r e l e r s  to  ma t r ix  addi t ion ,  

is t he  z e r o  ma t r ix  o5 d imens ion  q x v.. 
J 

~*' d e n o t e s  ma t r i x  mu l t ip l i ca t ion ,  and 0 

Def in i t ion  2.8 ; Union of CPNs.  Le t  G 1 = (PI  ' TI ' C1 ' IN1 ' OUT1) and G 2 

C 2 , IN 2 , OUT 2) be CPNs  such t h a t  

(1) CI(p) = C2(p) V p e P l t ' - l P 2  

(2) C l ( t ) =  C2(t) V t e T I I " I T  2 

(3) IN t (p,t) (c') (c") ~ 0 =~IN 2 (p,t) (c') (c") = 0 , and 

OUT 1 (p,t) (c') (c") { 0 :=~OUT 2 (p,t) (c') (c") = 0 

V P e P l / ' l  P2 ' t e Tire') T 2 , c' EC (p) and c" £ C  (t). 

Then,  t he  union G 05 G 1 and G 2 is t he  CPN (P,T,C~IN,OUT) where  

P = P I  U P 2 '  

T = T  1 U T 2 ,  

IN = IN 1 U IN 2 , 

OUT = OUT 1 U OUT 2 , and 

C(x) = C 1 (x) ff x E  P l U T 1 

= C 2 (x) ff x E P 2  U T 2. 

The union of more  than  two  CPNs  sa t i s fy ing  cond i t ions  (1)-(3) is de f ined  l ikewise .  

= (P2 ' T2 ' 

3.  A THEOREM ON I N V A R I A N T S  

In th is  section~ we s t a t e  and prove  t h e  main  re su l t  of th is  pape r .  We also s t a t e  two  

i m m e d i a t e  c o n s e q u e n c e s  of  t h e  above  result~ The f i r s t  c o n s e q u e n c e  g ives  t he  vers ion o~ 

t h e  r e su l t  for  PTNs.  The vers ion  for  PTNs has been  i ndependen t l y  p roved  in [8]. The second  

c o n s e q u e n c e  ~ which  is s t a t e d  informally~ enab les  e x t e n s i o n  of t he  resu l t  to  any f in i te  

number  ( > / 2 )  o5 CPNs .  

T h e o r e m  3.1 : Suppose G 1 = (P l  ' T1 ' CI  ' INI ' OUTI)  and G 2 = (P2 ' T2 ' C2 ' IN2 ' 

OUT 2) a re  two CPNs  such t h a t  

(1) P l  = { P l  ' P2 . . . . .  Pr ' Pr+l  . . . . .  Psi" ' 0 < r ~ s  

(2) P2 = {Pr ' Pr+: . . . . .  Ps '  Ps+l . . . .  ' Pn} ' s < n  
(3) T 1 = { t  1 , t ~  . . . . .  t k } , 0 ~ k  

(#) T 2 = { tk+  1 , tk+ 2 . . . . .  t m ~  , k < m  , and 
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(5) C t (p) = C 2 (p) v p £ - P l L ~ P 2  . 

L e t  us  a l so  a s s u m e  t h a t  

(6) G = (P, T, C, IN, OUT)  is the  union of  G I and G2, 

(7) Q is a non -emp ty  f i n i t e  set  w i t h  c a r d i n a l i t y  q, and 

(8) e I , e 2 , ... , e n are  ma t r i ces  of  in tegers  o f  d imensions q x u I , q x u 2 , ... , q x u n 

r espec t i ve l y  (u i , i t  may be reca l led ,  is the  c a r d i n a l i t y  o f  C (pi) f o r  i = 1,2, ..., n). 

T h e n ,  X = (e I , e 2 , . . .  , e r , e r+ 1 , ... , e s , es+ 1 , . . .  , e n) is an  i n v a r i a n t  of  G i f f  

X 1 = (e 1 , e 2 . . . . .  e r , e r+ i . . . . .  e s) 

is an  i n v a r i a n t  of  G 1 and 

X 2 = (e  r , e r+  1 , . - - ,  e s , es+ 1 , . . - ,  e n) 

is an invar iant  of G 2. 

P r o o l  : 

I t  is g iven  t h a t  G is t h e  un ion  of  G 1 and  G 2. T h e r e f o r e ,  w e  g e t  

P = { P l  ' P2 . . . . .  Pr ' P r+ l  . . . . .  Ps ' Ps+l  . . . . .  Pn}  ' 

T = { t  I , t 2 . . . . .  t k , tk+ 1 . . . . .  t i n }  , 

IN = IN 1 U IN 2 , 

O U T  = O U T  l U O U T  2 , and  

C(x) = Cl(X) V x @Pl  U T 1 

= C2(x)  V x ~ P 2  U T 2 

• . -  ( 3 . 1 )  

L e t  

I 1 = { t  , 2 . . . . .  r ,  r+ l  . . . . .  s]- 

12 = - J r  , r + l  . . . . .  s , s+I  . . . . .  nJ- , 

: {1,2  .. . . .  k}, 
3 2 = { k + l  , k+2 . . . . .  m }  , 

l = { 1 , 2  . . . . .  n},an  

= { , , 2  . . . . .  my. 

L e t  W t = ( ( W l ) i l J l )  , W 2 = ( (w2) i2J2)  , and  \V = (wij)  be  t h e  i n c i d e n c e  m a t r i c e s  of  G I ,  

G2, and  G r e s p e c t i v e l y .  I t  m a y  be  n o t e d  t h a t  i 1 E I1,  Jl E ~ I I '  i 2 f f  I2 '  J2 E J 2 '  i E I ,  and  j E 3 .  

Then, we have, f r o m  (3.1), 
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w , .  ij  = (Wl)ij for i = 1,2 . . . .  , s and j = 1,2, ..., k 

= (w2)ij for  i = r, r+l ,  ..., n and j = k+l ,  k+2, ..., m 

-- 0 o therwise  (3.2) 

Le t  us assume tha t  

X = (e l ,  e2, ...~ er ,  e r+ l ,  ...~ es) es+l ,  ..., e n) is an invar iant  o{ G. 

n 

~-----~ i=~ l :  e i * w i j =  0 V j i f3 

~ : ~  ~ =  e i ~ wij = 0 V j E J  1 , and l=r' ' ei  ~ wij = 0 V j E J  2 ---by(3.2) 

i ~  1 e i ~ (Wl)ij = 0 V j E J  1 , and . ~  e i ~  (w2)ij = 0 V j E J  2 . ' - by (3 .2 )  
= l z r  

~:=~X 1 = ( e l ,  e2, ..., er ,  e r+ l ,  ..., e s) is an invar iant  of G 1 and 

X 2 (er,  e r+ l ,  ..., es,  e s+ l ,  ..., e n) is an invar iant  o5 G 2, J 

Consequence  1 : Le t  G 1 = ( P l '  TI" INI '  OUTI)  and G 2 = (P2~ T2~ IN2~ OUT 2) be two PTNs 

such tha t  

(1) P l  = ~ P I '  P2 . . . . .  Pr '  Pr+l . . . . .  Ps} 

(2) P2 = {Pr '  Pr+l . . . .  ' Ps' Ps+l . . . . .  Phi" 

(3) T I I ~ T  2 = (~ 

tf G is the  union of G 1 and G2, then the  r o w - v e c t o r  ol  in tegers  

X = (el~ e2~ ..., e r, er+l~ ..., es,  e s+ l ,  ...~ e n) 

is an invar iant  o5 G iSI the  r o w - v e c t o r  

X 1 - (e 1 , e 2, ..., e r, er+ 1, ..., e s) 

is an invar iant  of G 1 and the  r o w - v e c t o r  

X 2 = (er~ er+ I, -.-, e s, es+ 1, o-., e n) 

is an invar ian t  o5 G 2" 
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C o n s e q u e n c e  2 : L e t  G i = (Pi '  TF Ci '  INi '  OUTi)  for  i = 1, 2, . . . ,  t be  C P N s  s a t i s f y i n g  

t h e  c o n d i t i o n s  of T h e o r e m  3.1 .  If G is t h e  union  of t h e  above  C P N s ,  t h e n  t h e  i n v a r i a n t s  

of  G c a n  be  c o m p u t e d  f r o m  t h o s e  of G . ' s  and  v i ce  v e r s a  by r e p e a t e d  a p p l i c a t i o n  of T h e o -  
l 

r e m  3 .1 .  

4. EXAMPLES 

#.1 : Readers-Writers System 

We c o n s i d e r ,  he r e ,  t h e  ve r s ion  of t he  R e a d e r s - W r i t e r s  p r o b l e m  d i s c u s s e d  in [5]. F i g u r e s  

l(a) and  l(b) d e p i c t  t h e  PTN m o d e l s  G 1 and  G 2 o f  t h e  ' r e a d e r '  p r o c e s s  and  t h e  ' w r i t e r '  

p r o c e s s  r e s p e c t i v e l y .  The  i n t e r p r e t a t i o n  of t h e  p l a c e s  and  t r a n s i t i o n s  of  G l and  G 2 a r e  

as  fo l lows:  

LP : Loca l  p r o c e s s i n g ,  w h e r e  t h e  s h a r e d  m e m o r y  is no t  used  

WR : Wai t ing  to  ' r e a d '  

WW : Wai t ing  to ' w r i t e '  

R : R e a d i n g  in p r o g r e s s  

W : Wri t ing  in p r o g r e s s  

S : S y n c h r o n i z a t i o n ,  to  e n f o r c e  m u t u a l  e x c l u s i o n  of  w r i t e r s  

t I : A ' r e a d e r '  a r r i v e s  

t 2 : A ' w r i t e r '  a r r i v e s  

t 3 : A ' r e a d e r '  s t a r t s  r e ad i ng  

t 4 : A ' w r i t e r '  s t a r t s  wr i t i ng  

t 5 : A ' r e a d e r '  f i n i she s  r e ad i ng  

t 6 : A ' w r i t e r '  f i n i s h e s  w r i t i n g  

F i g u r e s  l(a)  and  l(b) show a lso  t h e  i n v a r i a n t s  oI  G 1 and G 2. F i g u r e  l(c)  g i v e s  t h e  

PTN mode l  G of t h e  ove ra l l  s y s t e m .  It c an  be eas i ly  s e e n  t h a t  G is t h e  un ion  of  G 1 and  

G 2. To d e t e r m i n e  t h e  i n v a r i a n t s  of  G~ we app ly  T h e o r e m  3.1 to  G 1 and  G2~ wh ich  s a t i s f y  

all  r e q u i r e m e n t s  of  t h e  t h e o r e m .  On app ly ing  t h e  t h e o r e m ,  we g e t  e I = e 3 and  e 2 = e 4 

and  t h e  i n v a r i a n t s  of  G, wh i ch  a r e  d i sp l ayed  in F i g u r e  l (c) ,  a r e  t hus  ea s i l y  o b t a i n e d .  The  

s e c o n d  row in th i s  f i gu re  g i v e s  t he  i n v a r i a n t s  in t h e i r  g e n e r a l  f o r m  w h e r e a s  t h e  th i rd  and  

f o u r t h  rows  g ive  two  l inea r ly  i n d e p e n d e n t  i n v a r i a n t s  o b t a i n e d  on s u b s t i t u t i n g  e I = 1~ e 2 = 0 

and e 1 = 0, e 2 = 1 r e s p e c t i v e l y .  Us i ng  t h e s e  invar ian t s~  t h e  s y s t e m  c a n  be  a n a l y s e d  as  

d e s c r i b e d  in [5]. 

#.2 : A Resource Sharing System 

In t h i s  e x a m p l e ,  we  cons i de r  a c o n c u r r e n t  s y s t e m  c o n s i s t i n g  of  a s e t  o f  p r o c e s s e s ,  

P R O C  = { P I '  P2 . . . . .  P s}  , S > 0, and  a s e t  of  r e s o u r c e s ,  RSC = ~ r l ,  r 2 . . . . .  r t ] -  , t > 0 .  

Each  p r o c e s s  i nvo lves  t wo  s t a g e s  of  p r o c e s s i n g .  RES 1 and  RES 2 a r e  two  (s x t) m a t r i c e s  

wh ich  s p e c i f y  t h e  r e s o u r c e  r e q u i r e m e n t  of  t h e  p r o c e s s e s  in t h e  i i r s t  and  s e c o n d  s t a g e s  
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of  p r o c e s s i n g  r e s p e c t i v e l y .  F o r m a l l y ,  RES 1 and  RES 2 

For  i = 1,2, . . . ,  s and  j = 1,2, . . . ,  t ,  

(RES1)ij = 1 if Pi r e q u i r e s  r i, for  f i r s t  s t a g e  

= 0 o t h e r w i s e  

(RES2)ij  = I if Pi r e q u i r e s  r i . for  s e c o n d  s t a g e  

= 0 o t h e r w i s e .  

a r e  g iven  by: 

F i g u r e s  2(a) and  2(b) dep i c t  t h e  CP N m o d e l s  G 1 and  G 2 of t h e  f i r s t  s t a g e  and  second  

s t a g e  of  p r o c e s s i n g  r e s p e c t i v e l y .  The  i n t e r p r e t a t i o n  of t h e  p l a c e s  and  t h e  t r a n s i t i o n s  is 

as  fo l lows;  

P : R e a d y - t o - r u n  p r o c e s s e s  

R • Ava i l ab l e  r e s o u r c e s  

A 1 : F i r s t  s t a g e  of p r o c e s s i n g  

A 2 : Second  s t a g e  of p r o c e s s i n g  

W : Wai t ing  Ior  r e s o u r c e s  in o rde r  to  e n t e r  t h e  s e c o n d  s t a g e  of  p r o c e s s i n g  

t 1 : A p r o c e s s  s t a r t s  f i r s t  s t a g e  o f  p r o c e s s i n g  

t 2 : A p r o c e s s  f i n i she s  f i r s t  s t a g e  of p r o c e s s i n g  

t 3 : A p r o c e s s  s t a r t s  s econd  s t a g e  of p r o c e s s i n g  

t 4 : A p r o c e s s  f i n i she s  s econd  s t a g e  of p r o c e s s i n g .  

The  co lour  s e t  a t t a c h e d  to t h e  p l ace  R is RSC.  The  co lour  s e t  P R O C  is a t t a c h e d  

to  all  o t h e r  p l a c e s  and  all  t r a n s i t i o n s .  

Each  un i abe l l ed  a r c  in G l and  G 2 has  a w e i g h t  equa l  to t h e  i d e n t i t y  f u n c t i o n  of  

t h e  p rope r  o rde r .  For  example~  t h e  w e i g h t  of  t he  a r c  b e t w e e n  t h e  p l ace  P and  t h e  t r a n s i t i o n  

t 1 is t h e  i d e n t i t y  f u n c t i o n  o l  o rde r  ~s * s i nce  bo th  P and  t I h a v e  t h e  co lour  s e t  PROC~ 

w h o s e  c a r d i n a l i t y  is ' s ' .  

F i g u r e s  2(a) and  2(b) show a lso  t h e  i n v a r i a n t s  of  G 1 and  G 2 r e s p e c t i v e l y .  In t h e s e  

inva r i an t s~  '~'  d e n o t e s  m a t r i x  m u l t i p l i c a t i o n  and  %' d e n o t e s  m a t r i x  add i t i on .  The  ove ra l l  

s y s t e m  has  a CPN mode l  G which  is t h e  union  o f  G I and  G 2. G is s h o w n  in F i g u r e  2(c). 

We c a n  invoke T h e o r e m  3.1 to d e t e r m i n e  t h e  i n v a r i a n t s  of  G. App ly ing  T h e o r e m  3.1~ we  

g e t  e I = e 3 and e 2 = e 4 and  h e n c e  t h e  i n v a r i a n t s  of  G c a n  be eas i ly  o b t a i n e d .  

Figure 2(d) shows the invariants of G. The second row of this f igure gives the in- 

var iants in a general form,  using which we obtain two par t icu lar  cases shown in the th i rd  

and four th rows. The invar iant  of the th i rd  row is obtained by subst i tut ing the s th order 

iden t i t y  mat r ix  for e I and the zero mat r i x  for e 2. This gives an invar iant  wi th respect 

to the set PROC. By subst i tut ing the zero mat r i x  for e t and the t th order ident i ty  mat r i x  
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for  e2, we get the invar iant  shown in the four th row. This invar iant  is wi th  respect to 

the set RSC. The above invar iants can be used in the analysis of the system i f  the matr ices 

RES 1 and RES 2 are known. 

$.3  : A N e t w o r k  ol D a t a b a s e s  

We now consider the distributed data base system discussed in [2,5]. This system 

comprises a set  of database managers,  DBM = {dl~ d2, ..., dn}  , n ~ 0, who communica te  

among themselves,  via a fixed set  of message buffers ,  MB { ~ s , r ~  : s,r E-DBM, s ~ r} . 

Each manager can be in three s ta tes  : ' inac t ive ' ,  'waiting for acknowledgements '  and 'per -  

forming an update on request  of another manager ' .  Each message buffer  may be in four 

s ta tes  : 'unused',  ' sen t ' ,  ' rece ived ' ,  and 'acknowledged' .  Whenever a manager,  say d l ,  wants 

to perform an update, he waits for all other managers to become ' inact ive '  and then per- 

forms an update on his database.  Simultaneously, he will flash messages using his message 

buffers  to all other  managers informing them of his updating. These managers,  on receip t  

of the message from dl ,  update their own databases and send acknowledgements  to d l ,  

who becomes ' inact ive '  a f te r  such acknowledgements  are received from all managers.  

Now, another manager may perform an update and send messages.  

The act ivi t ies  in the above system consist  of the following events;  

(1) Update and send messages,  

(2) Receive messages,  

(3) Send acknowledgement ,  and 

(#) Receive acknowledgement .  

These ac t iv i t ies  are represented as the CPN models G[ ,  G2, G3, and G 4 in Figures 

3(a)-3(d) in that  order. The transit ions t l ,  t2, t3, and t# represent the above four events 

(1)-(4) respect ively.  The in te rpre ta t ion  of the places is as fo l lows:  

Pl : ' Inactive r managers 

P2 : 'Exclusion',  to enforce  mutual exclusion of updating managers 

P3 : 'Unused' message buffers  

P# : 'Sent '  message buffers  

P5 : Manager 'wait ing'  for acknowledgements  

P6 : Managers 'performing'  an update on request  of another  manager 

P7 : 'Received '  message buffers  

P8 : 'Acknowledged'  message buffers .  

The colour sets  a t tached  to the places and transi t ions are as £ollows: 
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C ( P i )  = C ( p s )  = C(P6)  = C ( t  I )  = C ( t # )  = D B M  

C(P3)  = C(p#)  = C(P7)  = C(pg)  = C ( t  2) = C ( t  3) = M B  

C(P2)  = E w h e r e  E = { £ ) -  , ' e  ' r e p r e s e n t i n g  t o k e n s  w i t h o u t  a n y  c o l o u r .  

The  labe ls  ABS~ RES,  and  MINE on t h e  a r c s  a r e  t h e  m a t r i x  ve r s i ons  of  t he  f u n c t i o n s  

of  t h e  s a m e  n a m e s  d e s c r i b e d  in [5]. As in t h e  p r e v i o u s  e x a m p l e ,  un l abe l t ed  a r c s  h a v e  w e i g h t s  

equa l  to  i d e n t i t y  m a t r i c e s  of  a p p r o p r i a t e  o rde r s .  

F i g u r e s  3(a)-3(d) a lso  d i sp lay  t h e  i n v a r i a n t s  of  t h e  CPN m o d e l s  G I ,  G2, G3, and  

G 0. It  m a y  be  n o t e d  a g a i n  t h a t  '* '  r e p r e s e n t s  m a t r i x  m u l t i p l i c a t i o n ,  %' r e p r e s e n t s  m a t r i x  

add i t i on ,  and  ' - '  r e p r e s e n t s  m a t r i x  s u b t r a c t i o n .  On  app ly ing  T h e o r e m  3.1 to  G U G2~ G3~ 

and  G#, we g e t  

e 1 - e 6 = e lO = e l l  , 

e 2 = e l 2  , 

e 3 = e l 3  , 

e# = e 7 = elO , 

e 5 = eg , and  

e 9 = e 6 * R E C  + e 7 - e 5 * R E C .  

Using  t he  above  e q u a t i o n s ,  we can  i m m e d i a t e l y  a r r i ve  a t  t h e  i n v a r i a n t s  of  t h e  ove ra l l  

CPN mode l  shown  in F i g u r e  4(a) wh ich  is only a s h u f f l e d  ve r s i on  of F igu re  13 in [5]. F i g u r e  

4(b) g ive s  t he  i n v a r i a n t s  of  t h e  above  CPN mode l .  The  s econd  row g ives  t he  i n v a r i a n t s  

in a g e n e r a l  f o r m  and t h e  n e x t  f ive  rows g ive  f ive  l inea r ly  i n d e p e n d e n t  i n v a r i a n t s  t h a t  

c a n  be ob t a ined ,  by s u i t a b l e  s u b s t i t u t i o n s ,  f r o m  the  g e n e r a l  f o r m .  It m a y  be no t ed  t h a t  

t h e  i n v a r i a n t s  i l - i 5  l i s t ed  in F i g u r e  i t  of [5] c an  be  eas i ly  o b t a i n e d  us ing  t h e  above  f ive  

i n v a r i a n t s .  Us ing  t h e s e  i n v a r i a n t s ,  we can  a n a l y s e  t h e  s y s t e m  as  in [5]. 

5. C O N C L U S I O N  

We have presented a theorem which facilitates computation of  the invariants of 

a coloured Petri Net that is obtained by coalescing a finite number of coloured nets whose 

i n v a r i a n t s  a r e  known .  S ince  p l a c e - t r a n s i t i o n  N e t s  a r e  a spec i a l  c a s e  of co lou red  Pe t r i  N e t s ,  

t h e  t h e o r e m  holds  for  p l a c e - t r a n s i t i o n  N e t s  a l so .  We h a v e  shown  v ia  t h r e e  e x a m p l e s  of  

c o n c u r r e n t  s y s t e m s  how th i s  t h e o r e m  is u s e f u i  in t h e  a n a l y s i s  oi  c o n c u r r e n t  s y s t e m s .  The  

t h e o r e m  is p a r t i c u l a r l y  e f f e c t i v e  when  a c o n c u r r e n t  s y s t e m  is s y n t h e s i z e d  in a b o t t o m - u p  

f a s h i o n  s t a r t i n g  f r o m  ve ry  h igh leve l  s p e c i f i c a t i o n s .  For ,  in s u c h  a c a s e ,  a t  e a c h  s t a g e  

of  syn thes i s~  we will be  s y n t h e s i z i n g  a n e t  m o d e l  of  t h e  s y s t e m  by c o a l e s c i n g  t h e  n e t  m o d e l s  

of  t h e  p r ev ious  s t a g e  and  we c a n  invoke  t h e  t h e o r e m  to  c o m p u t e  t h e  i n v a r i a n t s  of  t h e  

s y n t h e s i z e d  n e t  mode l .  The  a p p l i c a t i o n  o f  t h e  t h e o r e m  r e q u i r e s  t h a t  we know t h e  i n v a r i a n t s  

of  t h e  ind iv idua l  n e t s  or t h e  tow level  n e t s  wh i ch  g e n e r a l l y  c o n s i s t  o f  one  or two  t r a n s i t i o n s .  

The  i n v a r i a n t s  o£ t h e  low leve l  n e t s  c a n  be  c o m p u t e d  in m o s t  of  t he  c a s e s  by d i r e c t  
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calculation. In some cases, however, the computation of invariants of the low level nets 

is non-trivial and we are currently working towards solving this problem. 
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Readers-Writers problem (Example 1). 

PTN models and place invariants for 

(a) 'Reader '  process, 

(b) 'Writer' process, and 

(c) overall sys t em.  
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Figure 2. Resource sharing system (Example 2). 

(a) CPN model and place inva~iants of the first stage of processing 

(b) CPN model and place invariants of the second stage of 
processing 

(c) CPN model of the overall system 

(d) Place invariants of the above CPN model. 
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Figure 3. Network of data bases (Example 3). 

CPN models and place invariants of the processes 

(a) Update and send messages 

(b) Receive messages 

(c) Send acknowledgement 

(d) Receive acknowledgement 
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Figure #. (a) Overal l  CPN model  oi  the  ne twork  of  da ta  bases sys t em 

(b) P lace  invar iants  of the  above  CPN model .  


